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hereditary hulls are defined. We also prove that under idempotency, the weakly hereditary notion for an interior operator I is equivalent to I -open subobjects being closed under composition.
The setup of this paper is an arbitrary category X with an (E, M)-factorization structure for sinks.
We use the terminology of [1] throughout the paper.
Preliminaries
Throughout we consider a category X and a fixed class M of X -monomorphisms, which is closed under composition and contains all X -isomorphisms. It is assumed that X is M-complete; i.e., pullbacks of M-morphisms exist and belong to M, and multiple pullbacks of (possibly large) families of M-morphisms with common codomain exist and belong to M.
One of the consequences of the above assumptions is that there is a uniquely determined class E of sinks in X such that X is an (E, M)-category for sinks. In particular, this implies the following features of M and E (cf. [2] ): Proposition 2.1.
(1) Every morphism that is in both M and E (as a singleton sink) is an isomorphism. If n, m are two M-subobjects of X ∈ X such that n m, then the notation n m will be used for the unique morphism satisfying m • n m = n. We observe that n m m −1 (n).
We recall that a subcategory A of X is called reflective in X if for every X -object X there is a morphism X The dual concept is known as a coreflective subcategory.
Basic definitions and results
We start with the following definition that is basically the same as the one given by S.J.R. Vorster [7] , the only difference being our assumption of X being M-complete instead of finitely M-complete as in [7] .
Definition 3.1. An interior operator I on X (with respect to M) is a family {i X } X∈X of functions on the M-subobject lattices of X with the following properties that hold for each X ∈ X :
, the inverse image of the interior of n is less than or equal to the interior of the inverse image of n. When no confusion is likely we will write i(m) rather than i X (m) and for notational symmetry we will denote the morphism t by i X (m).
The notion of interior operator defined in Definition 3.1 was actually called categorical interior operator in [7] . We may also use this terminology whenever convenient.
As a motivating example, the usual interior operator in topology is an example of a categorical interior operator in the category Top of topological spaces. Further examples will be included a little later in the paper. 
Now, consider the two-element indiscrete topological space X = {0, 1} and the singleton topological space Y = {1}. Let 
It may be worth observing that if f is injective, then one always has that k( 
Since n is a monomorphism, we conclude that i
After a careful analysis of the properties of the interior operator induced by the topology in Top and also as a consequence of Remark 3.4(f) we give the following definition. 
Clearly, heredity implies weakly heredity since if m is I -open then i X (m) m and consequently for
Remark 3.6. The reader familiar with the theory of categorical closure operators will notice that the above terminology of "hereditary" and "weakly hereditary" has been already used in that context. It is not by accident that the same terminology is used here, as the following consideration shows.
Consider an operator ω defined on the class M and satisfying the following properties: 
, respectively. These are exactly the formulas used in this paper to define hereditary and weakly hereditary interior operators.
We recall the following result from [7] since it will be used for some of the examples. Next we present a list of examples in some familiar categories. Many details are omitted since they can be found either in [3] or in [7] . Examples 3.8. Let X be the category Top with the (episink, embedding)-factorization structure.
(a) As already observed, the assignment K that to each subset (or equivalently subspace) M of a topological space X associates k X (M) = {U open in X: U ⊆ M} is an idempotent interior operator. This is the classical interior operator induced by the topology of X . We now show that this operator is hereditary. So, let X be a topological space and let N ⊆ M ⊆ X be subspaces. From Remark 3.4(f), it is enough to show that
(b) The assignment Q that to each subset M of a topological space X associates the subset q X (M) = {C clopen in X: C ⊆ M} is an idempotent interior operator. We strongly suspect that Q is neither hereditary nor weakly hereditary but we could not find any counterexample to actually verify it.
(c) The assignment Θ that to each subset M of a topological space X associates θ X (M) = {x ∈ M: ∃ an open nbhd U x of x: U x ⊆ M} where, U x denotes the usual Kuratowski closure of the nbhd U x is an interior operator. That this operator fails to be idempotent was shown in [3] . We show now that it is hereditary. So, let X be a topological space and let
Thus, x ∈ θ X (N) and from Remark 3.4(f) we conclude that the operator Q is hereditary.
(d) The assignment L that to each subset M of a topological space X associates l X (M) = {x ∈ X: C x ⊆ M}, where C x denotes the connected component of x in X , is an idempotent and hereditary interior operator. To show heredity, let X be a topological space and let 
This contradicts the fact that W x is connected in X . Hence, we conclude that W x ⊆ C x . Now we show that C x is also connected in X . So, suppose it is not, then there exist
Hence C x is connected in X and consequently C x ⊆ W x . Thus, x ∈ l X (N) and from Remark 3.4(f) we conclude that L is hereditary.
(e) The assignment that to each subset M of a topological space X associates the subset b X (M) = {C closed in X: C ⊆ M} = {x ∈ M: {x} ⊆ M} is an idempotent and hereditary interior operator. To show heredity, let X be a topological space and let N ⊆ M ⊆ X be subspaces. Let
The latter implies that {x} X ⊆ M (here {x} X denotes the topological closure of {x} in the topology of X ). On the other hand, the fact that x ∈ l M (N) implies that {x} M ⊆ N (here {x} M denotes the topological closure of {x} in the topology of M). However, {x} X = {x} M ⊆ N. In fact, let y ∈ {x} M and let U y be a nbhd of y in X . Then, U y ∩ M is a nbhd of y in M and so, x ∈ U y ∩ M ⊆ U y that yields y ∈ {x} X . On the other hand, let y ∈ {x} X and let V y be a nbhd of y in M. Then, V y = W y ∩ M for some nbhd W y of y in X . Then, x ∈ W y ∩ M = V y since y ∈ {x} X ⊆ M and consequently y ∈ {x} M . Thus, x ∈ b X (N) and from Remark 3.4(f) we conclude that B is hereditary.
(f) The assignment S that to each subset M of a topological space X associates s X (M) = {x ∈ M: for every sequence x n − → x, ∃n x n : x n ∈ M, ∀n n x n } is a hereditary operator. We could neither prove idempotency nor find a counterexample to it. To show heredity, let X be a topological space and let N ⊆ M ⊆ X be subspaces. Let
The latter implies that for every sequence x n − → x in X , ∃n x n : x n ∈ M, ∀n n x n . On the other hand, the fact that x ∈ s M (N) implies that for every sequence y n − → x in M, ∃n y n : y n ∈ N, ∀n n y n . Now, {x n } for n n x n is a sequence in M that converges to {x} in M. In fact, let
∀n n x n . Thus, for n n = max{n x n , n x n }, x n ∈ U x . Hence, x ∈ s X (N) and from Consequently, weak heredity fails and so does heredity. Since Ab is hereditary we conclude that X/ f −1 (H) ∈ Ab. In conclusion, the family of subgroups used in the construction of i X (M) is also pullback stable and by applying Proposition 3.7 we obtain an idempotent interior operator. Let X be the category Ab with the (episink, monomorphism)-factorization structure.
(j) Since the subcategory of torsion abelian groups is closed under subgroups and quotients, from example (i) above we conclude that the expression i X (M) = {K M: X/K is torsion} defines an idempotent interior operator.
(k) We recall that an abelian group is called perfect if it agrees with the subgroup generated by its commutators. It is easily seen that perfect groups are closed under pullbacks and suprema and from Proposition 3.7, the expression i X (M) = {K M: K is a perfect subgroup of X} is an idempotent interior operator.
We denote the collection of all interior operators on X with respect to M by IN(X , M) pre-ordered as follows: 
Proof. (a) Let
Notice that here we have used the fact that each I k satisfies condition (c) of Definition 3.1 and that pullbacks and intersections commute. Thus all the conditions of Definition 3.1 are satisfied and so
To show that K I k is the infimum of the family (I k ) k∈K we notice that
(b) The existence of the supremum in IN(X , M) of the family of interior operators (I k ) k∈K is a consequence of part (a) and the general theory on partially ordered classes. However, for the sake of completeness we include a proof of it.
In IN(X , M) consider the subclass B = { J ∈ IN(X , M): I k J , for every k ∈ K }. From part (a) B has an infimum I . Now, by construction we have that I k I , for every k ∈ K . Moreover, if I ∈ IN(X , M) satisfies I k I , for every k ∈ K , then clearly we have that I I . Hence I is the supremum of the family (I k ) k∈K . Now, let us assume that in the category X pullbacks and suprema commute. We are going to show that K I k is an interior operator and is the supremum of the family (I k ) k∈K .
Notice that here we have used the fact that each I k satisfies condition (c) of Definition 3.1 and the assumption on the category X that pullbacks and suprema commute. Thus all the conditions of Definition 3.1 are satisfied and so
To show that
is K I k -open if and only if m is I k -open for every k ∈ K ; (b) if in X pullbacks and suprema commute then m is K I k -isolated if and only if m is I k -isolated for every
k∈K m m (cf. Proposition 3.9). Hence, m is K I k -open. Conversely, we observe that for every 
. Also in this case the converse is generally not true. As a counterexample, consider the family of subsets of the real line {x} x∈ [0, 1] . Clearly, i( x∈ [0, 1] 
Now we focus our attention on idempotent interior operators. We begin with the following The following result will be useful. Its proof is straightforward so we omit it. Proof. To prove this result we set I = K I k and by applying Lemmas 3.14 and 3.15 we obtain
Lemma 3.13. Given two interior operators I and J , their composition I • J defined for every
Definition 3.17. Given an interior operator I , its idempotent coreǏ is defined by
As a consequence, the following result is obtained: 
As a consequence of the previous lemma we can give the following Definition 3.20. Given an interior operator I , its hereditary hullĨ is defined bỹ
As a consequence, using a dual argument to the one used in the proof of Theorem 3.18, the following result is obtained: As a consequence, the following result is obtained: Based on the above results we can conclude that the notion of interior operator in an arbitrary category seems to be fairly well behaved. This encourages further work on the subject. In particular, our main aim is to find out whether there is any topological notion whose generalization to an arbitrary category can be handled better by means of the notion of interior operator rather than by the one of closure operator. However, further investigation is needed before one can reach a final conclusion on the fate of categorical interior operators.
